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We describe the numerical simulation results of bubble motion under gravity by the lattice Boltzmann method(LBM),
which assumes that a fluid consists of mesoscopic fluid particles repeating collision and translation and a multiphase
interface is reproduced in a self-organizing way by repulsive interaction between different kinds of particles. The
purposes in this study are to examine the applicability of LBM to the numerical analysis of bubble motions, and to
develop a three-dimensional version of the binary fluid model that introduces a free energy function. We included the
buoyancy terms due to the density difference in the lattice Boltzmann equations, and simulated single- and two-bubble
motions, setting flow conditions according to the Eötvös and Morton numbers. The two-dimensional results by LBM
agree with those by the Volume of Fluid method based on the Navier-Stokes equations. The three-dimensional model
possesses the surface tension satisfying the Laplace’s law, and reproduces the motion of single bubble and the two-
bubble interaction of their approach and coalescence in circular tube. These results prove that the buoyancy terms and
the 3D model proposed here are suitable, and that LBM is useful for the numerical analysis of bubble motion under
gravity.
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I. Introduction

The lattice Boltzmann method (LBM)1) has been proposed
as a mesoscopic approach to the numerical simulations of
fluid motions on the statistical-thermodynamic assumption
that a fluid consists of many virtual particles repeating colli-
sion and translation through which their velocity distributions
converge to a state of local equilibrium. Lattice Boltzmann
method, based on the lattice gas cellular automaton,2,3) pos-
sesses the advantages such as relatively easy implementation
of boundary conditions on complicated geometry, high effi-
ciency on parallel processing, and flexible reproduction of in-
terface between multiple phases. The last point on which we
focus in this study arises from the introduction of repulsive
interaction between particles without any boundary condition
for interface. As a result, LBM is more useful than other con-
ventional methods for the numerical analysis of multiphase
fluid system, where the flow pattern changes not only spatially
but also temporally due to deformation, break up, and coales-
cence of droplet or bubble. That is the reason why we apply
LBM to the simulations of two-phase fluid motion. The low-
and high-density fluids in this study, referred to as bubble and
liquid respectively, correspond to the pressurized fluids hav-
ing a small density ratio such as steam and water in PWR nu-
clear power plants. Another advantage of LBM occurs on im-
plementation of complicated boundary conditions to be seen
in fuel assemblies, although the topic is not discussed in de-
tail in this study. Lattice Boltzmann method therefore is a
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promising method suitable for simulating fluid flows in nu-
clear engineering.

In single-phase LBM, there have already been a lot of
numerical results for incompressible viscous fluid flows.4–7)

On the other hand, several kinds of multiphase fluid model
have recently been proposed and applied to the simulations of
phase separation and transition. The first immiscible multi-
phase model8,9) reproduced the phase separation by the repul-
sive interaction based on the color gradient and the color mo-
mentum between red- and blue-colored particles representing
two kinds of fluid. Shan and Chen proposed the gas-liquid
model applicable to the phase transition with the potential
between particles,10,11) while another gas-liquid model pro-
posed by Swiftet al.12) simulates phase transitions consis-
tent with the thermodynamics on the theory of van der Waals-
Cahn-Hillard free energy. Katoet al. also presented a two-
phase model with a pseudo potential for van der Waals flu-
ids.13) Lattice Boltzmann method was used to simulate the
condensation of liquid droplets in supersaturated vapor, the
two-phase fluid flow through sandstone in three dimensions
and so on.14,15)However, it has not been applied to any quan-
titative numerical analysis of the motion of bubble or droplet
in two-phase flows under gravity in two and three dimensions,
because the main purpose in previous works was to develop
multiphase model and examine its property, or to reproduce
fundamental phenomena in multiphase fluid where buoyancy
effect is negligible.

Therefore, in LBM, we consider the buoyancy effect due to
density difference in two-phase fluid characterized with the
non-dimensional numbers such as Eötvös and Morton num-
bers, and develop the three-dimensional version of the bi-
nary fluid model which is a newest one proposed by Swift
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∆n =
∑

a

geq
a , (7)

nu =
∑

a

f eq
a ea . (8)

n =
∑

a

fa, (1)

∆n =
∑

a

ga. (2)

The index a denotes a label to distinguish particles by their
velocity. A flow velocity u is also defined by the following,

nu =
∑

a

faea, (3)

where ea is the velocity vector of particles moving from a lat-
tice site at position r to its neighbor at r+ea∆t during one
time increment ∆t , and |u|�|ea| because the LBM applica-
tion is limited within low Mach number.

The evolution of distribution functions are governed by two
kinds of the lattice Boltzmann equations with the lattice BGK
(Bhatnagar-Gross-Krook) collision operators,21)

fa(t +∆t, r + ea∆t)

= fa(t, r)− 1

τ1

[
fa(t, r)− f eq

a (t, r)
]
, (4)

ga(t +∆t, r + ea∆t)

= ga(t, r)− 1

τ2

[
ga(t, r)− geq

a (t, r)
]
, (5)

where t is the time, τ1 and τ2 are the relaxation time param-
eters, related with macroscopic transport coefficients, and the
superscript eq denotes a local equilibrium state. In the two-
dimensional hexagonal lattice with link length=1,2, 16) the
subscript a corresponds to the index i of the direction along
link lines, i = 1 to 6 for moving particles with constant speed
c=1/∆t and i=0 for stationary particles. On the other hand,
in the three-dimensional lattice consisting of two kinds of the
link lines with their length unity and

√
3,20) it is replaced with

two indices l and i to specify the kind of link lines and the
direction respectively, as described in Chap. III. The above
Eqs. (4) and (5) indicate that the distributions reach the states
of local equilibrium f eq

a and geq
a after time periods τ1∆t and

τ2∆t . This relaxation process requires the parameters τ1 and
τ2 larger than 0.5, which mean that the collision operators in-
clude eigenvalues over −2.0. If they are lower than 0.5, LBM
simulation is always unstable because the distribution func-
tions do not approach to equilibrium values through collision
process.

The macroscopic variables, n, ∆n, and momentum nu can
be conserved locally at each lattice site in the collision, be-
cause the equilibrium distributions satisfy following relations,

n =
∑

a

f eq
a , (6)

In addition, geq
a also satisfies the following relation,

∆nu =
∑

a

geq
a ea . (9)

et al.16, 17) This model using the free-energy approach has

In modeling two-phase fluid, we use the binary fluid model
proposed by Swift et al.,16) called BFSY model here. A binary
fluid consists of two kinds of particle population with number
densities n A and nB , which represent two fluid components
A and B respectively. The repulsive interaction is associated
with a free energy function, and introduced only between A
and B particles, which causes two-phase separation into an
A-rich and B-rich regions below a given critical temperature.
In the BFSY model, there are two independent macroscopic
densities, total number density of two fluid components, n =
n A + nB , and number density difference between A and B,
∆n = n A −nB . The total density n is proportional to pressure
and approximately constant in the whole flow field, while the
function ∆n becomes positive in the region where n A > nB

and negative in the other one and then represents two-phase
distribution. These densities are equivalent to the summations
of the distribution functions of particle number densities, fa

one important improvement that the equilibrium distribution
of fluid particles can be defined consistently based on ther-
modynamics, compared with other models which are based
on phenomenological models of interface dynamics. Conse-
quently, the total energy, including the surface energy, kinetic
energy, and internal energy can be conserved.18) Furthermore,
it also reproduces Galilean invariance more properly than
one-component fluid model.16) In this paper, we show the nu-
merical results of bubble motions, which are compared with
the two-dimensional results by the Volume of Fluid (VOF)
method based on the finite difference of macroscopic hydro-
dynamic equations.19) The three-dimensional results by LBM
are also presented for the coalescence of bubbles.

First, we explain LBM and the binary fluid model in the
next chapter, and the three-dimensional version in Chap. III.
After the buoyancy terms and the non-dimensional numbers
in LBM are described in Chap. IV, the numerical results will
be presented in Chap. V. The conclusion in this study is de-
scribed in the last chapter.

II. Basis of Lattice Boltzmann Binary Fluid Model

This chapter describes a basis of the lattice Boltzmann
method and the binary fluid model. The typical LBM dis-
cretizes a space uniformly to be isotropic, with hexagonal or
square lattice in two dimensions,3, 4, 16) and with cubic lattice
in three dimensions.20) On such a discrete space, a macro-
scopic fluid is replaced with the population of mesoscopic
fluid particle with unit mass, which possesses real-valued
number densities and is allowed to be rest at lattice sites or
to move with constant velocity set along lattice lines. They
repeat two kinds of motion during one time step all over the
space; translation from site to site, and elastic collision with
each other at each lattice site. The collision is operated statis-
tically according to the rule to conserve mass and momentum
of particles, which corresponds to a relaxation process that
the distributions of particles approach to a state of local equi-
librium. As a result, a macroscopic fluid dynamics in LBM
appears emergently from averaging particle motions.

and ga , respectively as follows,
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The right hand side of Eq. (24) reduces into zero in a state of
equilibrium because of constant ∆µ and pressure balance,17)

∂Pαβ
∂rβ

= 0. (25)

where ε is a small parameter corresponding to the Knudsen
number, and the non-equilibrium distribution components
f (l)a (l = 1, 2, . . . ) obviously satisfy the following equations,∑

a

f (l)a = 0, (18)

∑
a

f (l)a ea = 0. (19)

On the other hand, the mesoscopic time and spatial scales in
Eq. (16), t and rα , are changed into the macroscopic ones,
using ε as follows:

∂

∂t
= ε

∂

∂t1
+ ε2 ∂

∂t2
, (20)

∂

∂rα
= ε

∂

∂r1α
. (21)

The first order of ε denotes the scale in a flow system gov-
erned by the Euler equations, and the second order is required
in order to observe diffusive phenomena.

Substituting Eqs. (17), (20), and (21) into Eq. (16) and tak-
ing the terms up to second order of ε lead to the following
equation,

(
∂

∂t1
+ ∂

∂t2

)
f eq
a + eaα

∂ f eq
a

∂r1α
+
(

1 − 1

2τ1

)

×
[
∂ f (1)a

∂t1
+ eaα

∂ f (1)a

∂r1α

]
= − 1

∆tτ1

(
f (1)a + f (2)a

)
.

(22)

Finally, the conservation equations of mass and momentum
of fluid are derived from summing all the zero-th and first-
order velocity moments ea of Eq. (22) respectively under the
conditions, Eqs. (20), (21), and the relation in first order of ε,

∂ f eq
a

∂t1
+ eaα

∂ f eq
a

∂r1α
= − 1

∆tτ1
f (1)a . (23)

The macroscopic equations in LBM correspond to the
Navier-Stokes ones when the equilibrium distribution satis-
fies Eqs. (6), (8), and (14).

The same arithmetic way is applied to Eq. (5) to derive the
macroscopic equation governing phase convection-diffusion
phenomena under the conditions, Eqs. (7), (9), and (15),

∂∆n

∂t
+ ∂∆nuα

∂rα
=
(
τ2 − 1

2

)

×∆t
∂

∂rα

[
�
∂∆µ

∂rα
− ∆n

n
· ∂Pαβ
∂rβ

]
.

(24)
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III. Three-dimensional Binary Fluid Model

We developed the three-dimensional version based on the
two-dimensional BFSY model.16) In the isotropic discretiza-
tion of space and particle velocity, this model uses the same

In order to describe the thermodynamic behavior of binary
fluid appropriately, the BFSY model incorporates the free en-
ergy function � which defines an equilibrium state in two-
phase coexistence by its minimum value,16)

� =
∫ [

ψ + κ

2
(∇n)2 + κ

2
(∇∆n)2

]
dr, (10)

where ψ is the bulk free energy density and κ is a control
parameter of surface tension. The function� causes circular-
symmetry pressure tensor Pαβ and chemical potential differ-
ence ∆µ,

Pαβ = pδαβ + κ

(
∂n

∂rα
· ∂n

∂rβ
+ ∂∆n

∂rα
· ∂∆n

∂rβ

)
, (11)

∆µ = δ�

δ(∆n)
= −λ

2
· ∆n

n
+ T

2
ln

(
n +∆n

n −∆n

)

− κ∇2 (∆n) , (12)

where the Greek subscripts are Cartesian coordinate indices,
δαβ the sign of Kronecker’s delta, and

p = ∆n
δ�

δ(∆n)
+ n

δ�

δn
−�

= nT − κ
[
n∇2n +∆n∇2(∆n)

]
− κ

2

(|∇n|2 + |∇∆n|2) . (13)

In the above equations, λ represents the strength of inter-
action, T is the temperature of fluid. As a result, two-phase
separation is caused when T , a constant for whole flow field,
is lower than the critical temperature Tc = λ/2. In the BFSY
model, Eqs. (11) and (12) are obtained from summing higher
velocity moments of f eq

a and geq
a respectively,

Pαβ =
∑

a

f eq
a (eaα − uα)

(
eaβ − uβ

)
, (14)

�∆µδαβ =
∑

a

geq
a (eaα − uα)

(
eaβ − uβ

)
, (15)

where the parameter � represents the mobility.
The macroscopic dynamics of binary fluid in LBM can be

derived from the mesoscopic evolution equations (4) and (5)
through the multi-scale expansion technique.3, 16) The former
equation is related with the continuum equation and the equa-
tion of fluid motion, while the latter leads to the convection-
diffusion equation for the function �n corresponding to the
two-phase distribution. First, by Taylor-expansion in Eq. (4)
around (t, r) up to second order, the following equation is ob-
tained,

∂ fa

∂t
+ eaα

∂ fa

∂rα
+ 1

2
· ∂

2 fa

∂t2
∆t + eaα

∂2 fa

∂t∂rα
∆t

+ 1

2
eaαeaβ

∂2 fa

∂rα∂rβ
∆t = − 1

∆tτ1

(
fa − f eq

a

)
, (16)

where the repeat of α and β denotes the convention of sum-
mation. The distribution function fa can also be expanded
around a state of local equilibrium f eq

a , assuming that the de-
viation from equilibrium fa

neq is slight,

fa = f eq
a + fa

neq = f eq
a + ε f (1)a + ε2 f (2)a + . . . , (17)
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IV. Buoyancy Effect in Binary Fluid Model

In this study, we introduced the buoyancy terms δ fa and
δga to the lattice Boltzmann equations (4) and (5) in order to
consider the effect due to the density difference between liq-
uid and gas phases. Hereafter, for the sake of convenience,
a low-density and high-density phases, having the densities
nL and nG , are referred to as gas and liquid respectively. As-

+ Fl
(|∇n|2 + |∇∆n|2) δαβ

]
. (36)

El and Fl are the parameters determined by two constraints
of the mass conservation in collision process (Eq. (6)) and the
derivation of the pressure tensor Pαβ (Eq. (11)) from Eq. (14),∑

l,i

Gαβ
(l)el,i,αel,i,β = 0, (37)

∑
l,i

(
n Al + Gγ δ

(l)el,i,γ el,i,δ
)

el,i,αel,i,β = Pαβ. (38)

Calculating the summation of even-order particle velocity
moments on the spatial isotropy,20) the following results can
be obtained,

E1 = F1 = 1

32
, E2 = − 1

16
, F2 = 0. (39)

The equilibrium distribution functions in the binary fluid
model, Eq. (26), correspond to those in the single phase fluid
model20) exactly when the gradients of n and ∆n vanish.

The another equilibrium distributions for∆n, geq
l,i , are com-

puted according to the following equations:

geq
l,i = Bl

�∆µ

c2

+∆n

[
Bl
(el,i · u)

c2
+ Cl

(el,i · u)2

c4
+ Dl

(u · u)
c2

]
,

(40)

geq
0 = ∆n − �∆µ

c2

(∑
l,i

Bl

)
+∆nD0

(u · u)
c2

. (41)

Because of
∑

a

(
ga − geq

a
)

ea �= 0, the evolution equation in
the BFSY model (5) includes the macroscopic diffusive effect
of density difference function∆n, even though it is conserved
locally at each lattice site in the collision step. In this study,
we adjust � to suitable values through test runs in order to
retain the initial volume of gas phase in simulating two-phase
fluid motions without diffusion. As far as we know, there
has been no description how to set � consistently in previous
works.16, 17) Therefore, the test run is the only useful process
now although it requires extra computation time. The scheme
to determine the mobility parameter is still under considera-
tion, not only for the two-phase fluid without phase transition,
but also for the unsteady state in boiling and condensation.

sumed that the liquid and gas phases correspond to the fluids
in an A-rich and B-rich regions respectively, n and∆n can be
redefined by the following equations,

cubic lattice unit as the 15-velocity model(3D15V model)
proposed by Chen et al.20) The subscript a in the distribution
functions is replaced with two indices, l and i . The former
index l is the identification index of two kinds of the lattice
links with their length unity and

√
3, while the latter i is the

index of the direction along lattice lines, i = 1 to 6 for l = 1,
i = 1 to 8 for l = 2. l = 0 is assigned to stationary particles.
The equilibrium distributions f eq

l,i are represented on the limit
of low Mach number by,

f eq
l,i = n

[
Al + Bl

(el,i · u)
c2

+ Cl
(el,i · u)2

c4
+ Dl

(u · u)
c2

]

+ G(l)
αβel,i,αel,i,β, (26)

f eq
0 = n

[
A0 + D0

(u · u)
c2

]
, (27)

where c∆t = 1, and the particles moves with the speeds 2c
and

√
3c on two link lines l = 1 and 2 respectively.

The dimensionless parameters Al , Bl , Cl , and Dl are deter-
mined under the constraints to derive the Navier-Stokes equa-
tions from Eq. (4) in the way described in Chap. II. As for Al

(l = 0, 1, 2), the following equations are given,

Al = sl

8(s1 + s2)c2

[
T − κ

(
∆n

n
∇2∆n + ∇2n

)]
,

(28)

A0 = 1 − 6A1 − 8A2, (29)

where sl(l = 0, 1, 2) denotes the ratio of number density of
particles in stationary equilibrium state, satisfying s0 + 6s1 +
8s2 = 1, which determines the temperature T ,

T = 8(s1 + s2)c
2. (30)

The fluid in 3D15V model possesses the kinetic viscosity ν,

ν = 4B2 (2τ1 − 1) c2∆t. (31)

The derivation of the Navier-Stokes equations from Eq. (4)
requires that the parameters in Eqs. (26) and (27) satisfy the
following algebraic relations,

B1 + B2 = 1

8
, (32)

8C1 + 6D1 + 8C2 + 8D2 + D0 = 0, (33)

C2 = 1

16
, (34)

4C1 − C2 + D1 + D2 = 0. (35)

The first and second relations arise from Eq. (6), while the
others, Eqs. (34) and (35), are derivable from Eq. (14). In this
study, B1 and B2 are either 1/24 or 1/12 respectively, and the
other parameters are determined as follows:

C1 = 1

32
, D0 = − 7

24
, D1 = − 1

48
, D2 = − 1

24
.

The tensor G(l)
αβ in Eq. (26) which yields the surface tension

is defined as,

G(l)
αβ = κ

c4

[
El

(
∂n

∂rα
· ∂n

∂rβ
+ ∂∆n

∂rα
· ∂∆n

∂rβ

)
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with f eq
l,i excluding the gradient terms of n and ∆n. The

expression of the three-dimensional buoyancy term is differ-
ent from the two-dimensional one, but both of the terms are
quite equivalent in the macroscopic effect because they satisfy
Eqs. (45) and (46).

n = nL + nG

2
, (42)

∆n = nL F + nG (1 − F)− n, (43)

where 0<F<1 is the volume ratio of liquid phase. The func-
tion ∆n takes the same absolute value ∆n0 in the liquid
(F = 1) and the gas (F = 0) phases,

∆n0 = nL − nG

2
. (44)

The buoyancy terms are available only in the low density
phase where the function∆n is negative, and satisfies the con-
straints of the net varieties of total number density and total
momentum of particles as follows:∑

a

δ fa = 0, (45)

∑
a

δ fa ea = −∆n∗ g∆t, (46)

where∆n∗ = 2∆n0 = nL −nG is density difference between
liquid and gas phases.

The effect of buoyancy increases the number density distri-
butions fa in the opposite direction to the gravity g according
to its magnitude |g| and ∆n∗, decreasing those in the gravity
direction. On the other hand, the number density difference
distributions ga in the gravity direction increase, because the
gas phase corresponds to the negative region of∆n. Then, the
following relation is satisfied,

δga = −δ fa . (47)

In two dimensions, the buoyancy term δ fi is added in the right
hand side of Eq. (4) for the moving particles,22)

δ fi = ∆n∗

4
· ei,y

|ei,y | · |g|∆t

c
(i = 1, . . . , 6), (48)

where ei,y is the y-direction component of particle velocity in
i-th direction (see Fig. 1). In three dimensions, we use the
following equation (49) to determine the buoyancy terms in
the 15 directions of particle velocity simply,

δ fl,i = − sl∆n∗ (g · el,i
)

8(s1 + s2)c2
, (49)

The verification of non-dimensional numbers in LBM, that
is, Eötvös and Morton numbers, Eo and M, are necessary to
apply LBM to the two-phase flow analysis. In general, these
numbers are defined with liquid viscosity νL , gas and liquid
densities, ρG and ρL , surface tension σ , and characteristic

Here, the two-dimensional simulations of bubble motion
shown in comparison with those by the VOF method,19)

is one of the volume tracking method. The VOF
can simulate two-phase fluid motions by solving the

are
which
method

length d as follows:

Eo = |g| (ρL − ρG) d2

σ
, (50)

M = |g|ρ2
Lν

4
L (ρL − ρG)

σ 3
. (51)

In LBM, the surface tension σ is not given as a known macro-
scopic parameter, but results from the mesoscopic interaction
between two kinds of fluid particles. Then, we determine
the surface tension according to the Laplace’s law, which de-
scribes the balance of forces due to pressure difference and
surface tension on interface. In two dimensions, it is repre-
sented by the equation,

σ = (Pin − Pout) R, (52)

where R is a curvature radius of interface, and Pin and Pout

indicate the pressures inside and outside the gas phase fluid.
Considering the buoyancy force according to Eq. (46), Eo and
M in the BFSY model are defined as follows:

Eo = 2|g|∆n∗dB

(Pin − Pout)
, (53)

M = 8|g|∆n∗nL
2

dB
3 (Pin − Pout)

3

(
2τ1 − 1

8
∆tc2

)4

. (54)

In Eq. (53), the characteristic length d corresponds to bubble
diameter dB = 2R. Setting Eo and M in the simulations, we
use the value of σ working on the interface in stationary fluid
without gravity.

V. Numerical Results of Bubble Motions

We simulated two- and three-dimensional two-phase fluid
motions under gravity, using the 3D BFSY model and the
buoyancy terms mentioned in the above sections. Both of 2D
and 3D simulations are carried out with the boundary condi-
tions for stationary or moving solid wall, uniform inflow, and
free outflow, in which the distribution functions fa and ga

are reset to local equilibrium states f eq
a and geq

a at every time
step after collision and translation operations.4, 6) The tradi-
tional lattice Boltzmann equation (4) intends to be unstable in
low-viscous fluid flow (i.e. low Morton number) because the
Courant number is equal to 1 in 2D and 2 in 3D.23) In addi-
tion, it also gives rise to numerical instability in high density
ratio. Therefore, we chose two-phase fluid with high viscos-
ity and low density ratio in the first step of LBM simulation of
bubble motion under gravity. The numerical stability in LBM
can be improved by other finite difference schemes.13, 23)

1. Two-dimensional Results in LBM and Volume of Fluid
Method

JOURNAL OF NUCLEAR SCIENCE AND TECHNOLOGY

Fig. 1 The buoyancy terms δ fi in case of hexagonal lattice
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Fig. 2 The two-dimensional flow velocities and interfacial pro-
files of rising bubble simulated with LBM (left) and VOF method
(right)

(a) Eo = 5, M = 0.2267

(b) Eo = 10, M = 0.4535

(c) Eo = 20, M = 0.907

(d) Eo = 40, M = 1.813

(e) Eo = 100, M = 4.535

Table 1 The parameters in the simulation of single bubble

Case Eo M |g|
(a) 5 0.2267 7.750E-5
(b) 10 0.4535 1.550E-4
(c) 20 0.9070 3.100E-4
(d) 40 1.8134 6.200E-4
(e) 100 4.5350 1.550E-3

In LBM, Eq. (55) is derived from substituting Eq. (43) into
Eq. (24) when the macroscopic diffusion is negligible by ad-
justing the mobility �.

First of all, we simulated the two-dimensional single bub-
ble motions in the stationary fluid. The density difference
∆n∗ is 0.84 for nL=1.42 and nG=0.58, corresponding to
n=1, κ=0.02, dB=20, λ=1.1, and T =0.5, which result in
σ=0.00521, the relaxation time parameters τ1=τ2=1, and
�=0.05. The flow field is surrounded with stationary walls,
and initially a circular-shaped bubble is located in the lower
region. This simulation was implemented with 80 lattice sites
in x-direction and 300 in y-direction along the buoyancy force
under several conditions of Eo and M , as shown in Table 1.
The magnitude of gravity |g| was determined from the defi-
nition of Eo described in Eq. (53). The five figures in Fig. 2
show the flow velocity fields and the bubble shapes, simu-
lated with LBM and VOF method. For each case, the bubbles
are rising at constant velocities because of the balance be-
tween buoyancy and drag forces. For example, as shown in
Figs. 3(a) and (b), the bubble velocities in Case (b) and Case
(d) have reached constant values after about 2,000 and 1,000
time steps respectively, in both of LBM and VOF method sim-
ulations. In Fig. 2, the interface indicates the position where
the density difference function ∆n becomes zero. In terms
of the shapes of bubble and the wake, the results obtained by
LBM are similar to those by VOF method qualitatively, ex-
cept the degree of deformation. As for the terminal velocity of
bubble Vt , good agreement was obtained between LBM and
VOF results within several percent error, as shown in Fig. 4
and Table 2. We are now considering why the degree of bub-
ble deformation in LBM is different from that in the VOF
method.

In the second place, the numerical results of bubble motion
in uniform shear flow are presented for two cases, (a) Eo=10
and M=0.82, (b) Eo=1 and M=0.089, where the right side
wall of a duct is moving upward at constant speed 4Vt . The
ratio of bubble diameter dB=12 to the duct width is about
0.25 in both cases. Initially, the circular bubble is located
near the left stationary wall in Case (a), while the location
in Case (b) is the center of duct. Figure 5 shows that the
bubbles slide to the center of duct as rising for Case (a) and
rise up straightly for Case (b) in both results by LBM and
VOF method. Also, the flow velocity and the bubble shape

vier-Stokes equations and the convection equation for the
olume ratio of liquid phase F ,

∂F

∂t
+ ∇ · (Fu) = 0. (55)

Na
v



JOURNAL OF NUCLEAR SCIENCE AND TECHNOLOGY

336 N. TAKADA et al.

bubbles simulated with LBM and VOF method respectively.
The time interval of the shots corresponds to 2,500 time steps
in LBM. The upper bubble takes a shape of skirt as the lower

are similar in both results for Case (a), as shown in Fig. 6.
Third, we simulated the two-dimensional motions of two

bubbles for Eo=10 in a duct, where two stationary walls are
placed 40 lattice sites away from the duct center. The fluid
enters uniformly at the top boundary and leaves continuously
at the bottom boundary so that the bubbles stay within the
computed flow field. Initially, two circular-shaped bubbles
of dB=20 are placed three bubble diameter away from each
other. Figure 7 shows the time series of snap shots of the

one approaches due to the wake formation in both results by
LBM and VOF method. In terms of the flow velocity and the
dimensionless distance between bubbles shown in Figs. 8 and
9, these results agree with each other qualitatively.

2. Three-dimensional Motion of Bubble in LBM
Following the successful simulation of 2D bubble motion,

we carried out the three-dimensional simulations of bubble
smotion. First, we checked the surface tension σ in the
3D model through the simulation of stationary single bub-
ble without gravity. The density difference ∆n∗ is 0.84 for

(a) 2D LBM

(b) VOF method

Fig. 3 The bubble velocities simulated with (a) 2D LBM and (b)
VOF method in Case (b) and Case (d)

(a) (b)

Fig. 5 The trajectories of bubble in uniform shear flow for (a)
Eo=10, M=0.82, and (b) Eo=1, M=0.089, simulated by LBM
and VOF method

Fig. 4 The terminal rising velocities of bubble in LBM and VOF
method simulations

Table 2 The terminal velocity of single bubble Vt

Case Vt (LBM) Vt (VOF) Error in LBM(%)

(a) 7.82E-3 8.28E-3 −5.6
(b) 1.38E-2 1.43E-2 −3.5
(c) 2.17E-2 2.15E-2 +0.9
(d) 3.11E-2 3.08E-2 +1.0
(e) 5.03E-2 5.05E-2 −0.4
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nL=1.42 and nG=0.58, corresponding to n=1, and the tem-
perature T =0.5 is lower than critical one Tc=λ/2=0.55. In
Fig. 10, it is shown that the pressure inside bubble with di-
ameter dB=20 can be controlled in this model by the param-
eter κ in the same way as 2D BFSY model. Figure 11 shows
the numerical results of pressure increment inside bubble with
curvature of interface 1/R for the control parameter κ=0.01,
0.02, and 0.04. The solid lines in the figure are derived from
numerical data by the least-square method in first order. The
pressure difference between two phases Pin − Pout increases
linearly as the bubble becomes smaller, which satisfies the
Laplace’s law in three dimensions, 2σ/R=Pin−Pout. This re-
sult also shows that the surface tension becomes larger as κ in-
creases, such as σ=2.66×10−3, 5.28×10−3, and 8.18 × 10−3

for each κ . In addition, we simulated the coalescence of two
bubbles with the diameter dB=18 in a stationary fluid with-
out gravity. In this case, 513 lattice sites are generated in the
cubic space surrounded with stationary walls, and the param-
eters are set as follows: κ=0.01, T =0.5, n=1, ∆n0=0.495,
λ=1.1, and �=0.1. As shown in Fig. 12, the spherical bub-
bles initially contacting to each other on their surfaces gradu-
ally fuse into a single bubble by the action of surface tension
as time passes. The above results assure that the 3D surface
tension is modeled properly and isotropically.

The next simulation is concerned with 3D motion of single
bubble in a cylindrical tube with diameter D=35.7, where the
wall is discretized with cubic lattice units to be approximately
circular. In the flow field with 393 lattice sites, the wall is
moving with the same constant velocity as terminal velocity
of bubble Vt , and a liquid also inflows uniformly with Vt from
upper boundary in order to simulate bubble motion in station-
ary liquid. The Morton and Eötvös numbers M=2.208×10−3

and Eo=77.8 result from bubble diameter dB=20.9, gas
and liquid densities nL=1.47 and nG=0.53, kinetic viscos-
ity νL=0.02, gravity |g|=10−3, and σ=5.28×10−3, which is
caused by κ=0.02, T =0.5 and λ=1.1 as mentioned above.
The mobility � is 2.5. Figure 13 shows a snap shot of bubble
interface and the flow velocity field on the cross section along
center line of tube. The bubble deforms to be cap-shaped and
rises with Vt=5.24 × 10−2 under the influence of wall. When
Eo ≥ 40 and M is small like this simulation, Vt can be em-
pirically predicted from diameter ratio dB/D and the terminal
velocity in infinite media Vt∞,24)

(a) LBM (b) VOF method

Fig. 6 The bubble shapes and the flow velocity fields in uni-
form shear flow simulated by (a) LBM and (b) VOF method for
Eo = 10 and M = 0.82

(a) LBM

(b) VOF method

Fig. 7 The time series of snap shots of bubbles for Eo = 10 in 2D
simulations by (a) LBM and (b) VOF method

(a) LBM (b) VOF method

Fig. 8 The flow velocity fields around bubbles simulated with (a)
LBM and (b) VOF method at 10,000 time steps in LBM
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Fig. 12 The coalescence of two bubbles without gravity simulated by the 3D BFSY model at time steps: (a) 500, (b)
1,000, (c) 1,500, and (d) 2,000

(a) (b)

(c) (d)

Fig. 10 The pressures inside bubble with diameter 20 for parame-
ter κ=0.01 and 0.02

0.1 0.15

0.001

0.002

0.003

0.004

0.005

0.006

Curvature 1/R

(
)/

P o
ut

P i
n

-P
ou

t = 0.02
= 0.01

= 0.04

Pr
es

su
re

 in
cr

em
en

t

Pin

Pout
2R

Fig. 11 The pressure increment inside bubble in 3D BFSY model
for radius R and parameter κ
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Vt

Vt∞
= 1.13 exp

[
−dB

D

]
, (56)

where Vt∞ is determined through a generalized graphical cor-
relation in terms of Eo, M , and bubble Reynolds number
ReB∞=dB Vt/νL .25) In this case, ReB∞ is about 85, corre-
sponding to Vt∞=8.13×10−2. The ratio Vt/Vt∞=0.645 in
LBM is reasonable, compared with the prediction value 0.630
from the diameter ratio dB/D=0.584.

The last simulation depicts the three-dimensional motion of
two bubbles with dB=18 under gravity, which are rising in the
circular tube with diameter 48 in case of Eo=50.1, M=1.5
for n=1, ∆n0=0.495, κ=0.01, �=0.12, λ=1.096, T =0.5,
and νL=0.1. The flow field is discretized with 53, 53, and
75 lattice sites in x-, y- and z-directions respectively, and the
fluid enters downward from the top boundary uniformly with
the same velocity −0.022 as the tube wall. It is nearly equal
to the rising velocity of bubbles and corresponds to the bub-
ble Reynolds number Reb=4.0. In the initial condition, the
bubbles are initially placed away from each other by 1.4dB

along the center line of tube. In Fig. 14, the left figures show
the bubble surfaces seen from bottom side, while the right
figures show the bubble profile and the flow velocity on the
vertical cross section through the center of tube. As seen in
2D simulation, the trailing bubble approaches the leading one
due to the wake formation, and they coalesce into a single
bubble eventually. The above-mentioned results suggest that
3D BFSY model is appropriately installed for the numerical
simulation of bubble motions.

VI. Concluding Remarks

In the lattice Boltzmann method (LBM), we developed the
three-dimensional version of the binary fluid model and in-
troduced the buoyancy effect on the definition of Eötvös and
Morton numbers in order to simulate two-phase fluid motions
under gravity. Lattice Boltzmann method possesses the ad-
vantage that an interface is reproduced in a self-organizing
way by introducing the repulsive interaction between meso-
scopic fluid particles. From this point, we think that it can

play an important role to numerically analyze multiphase fluid
system.

Three kinds of two-dimensional simulation were carried
out, compared with those by the Volume of Fluid (VOF)
method using the Navier-Stokes equations. First, in the sim-
ulation of single bubble rising in a duct, there are agreements
between the results by LBM and VOF method. The second
simulation is the bubble motion in uniform shear flow, in
which the bubble located near wall slides to center of duct
in the both results. In the third simulation of two rising bub-
bles, the result by LBM agrees qualitatively with that by VOF
method.

We also carried out the three-dimensional simulations by
the proposed model. The surface tension was checked
through two simulations without gravity, where it satisfied the
Laplace’s law and two bubbles fused into a spherical-shaped
one. In the simulation of single bubble rising under gravity,
the terminal velocity agreed reasonably with empirical pre-
diction from the ratio of bubble diameter to tube one. The last
simulation is concerned with two-bubble motion in a circular
tube full with stationary fluid. In the result, they approach
due to the wake formation and coalesce into a single bubble
eventually.

As described above, LBM provides not only two-
dimensional numerical results consistent with those by the
conventional simulation method but also reproduces three-
dimensional bubble motion. This study therefore proves that
the 3D model and the buoyancy effect proposed here are valid
in the lattice Boltzmann simulation of bubble motion under
gravity. In the simulations, the density ratios of two phases
are 1 : 2.45 for 2D, and 1 : 2.77 and 1 : 2.99 for 3D simu-
lations. These values are on the same order with the density
ratio 1 : 5.44 in steam-water two-phase fluid under 16 MPa.
However, LBM simulation tends to be numerically unstable
in case of such actual fluid flows as those in PWR. To over-
come this problem, finite difference scheme for lower Morton
number is under consideration now.

(a) Interface (b) Flow velocity

Fig. 13 The bubble rising in circular tube
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(a)

(b)

(c)

Fig. 14 (a)–(e) The 3D view of interface and the 2D flow velocity around bubbles in a circular tube at (a) 500, (b) 1,000,
(c) 1,500, (d) 2,000, and (e) 2,500 time steps
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Fig. 14 (d)

Fig. 14 (e)
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